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ABSTRACT 

We consider how to normalize the scattering amphtudes of 4D heterotic superstrings in a 
Minkowski background. We fix the normahzation of the vacuum amphtude (the string par- 
tition function) at each genus, and of every vertex operator describing a physical external 
string state in a way consistent with unitarity of the S'-matrix. We also provide an explicit 
expression for the map relating the vertex operator of an incoming physical state to the 
vertex operator describing the same physical state, but outgoing. This map is related to 
hermitean conjugation and to the hermiticity properties of the scattering amplitudes. 
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Introduction and Summary 



String theory [1] remains the most promising candidate for a quantum theory of 
gravity. It has also proven itself useful as a tool for perturbative calculations in Yang- 
Mills theory [2] . Accordingly, it is of interest to be able to make detailed computations of 
string scattering amplitudes at any loop order. It is well known how to do this by means 
of the Polyakov path integral or, equivalently, by computing vacuum expectation values: 
There exists a "master formula" expressing the connected part of the scattering amplitude 
at each loop level as an integral over moduli space, where the integrand is obtained as 
a correlation function of vertex operators, with the appropriate insertions of world-sheet 
ghosts and Picture Changing Operators (PCOs) [3]. In order to obtain from this "master 
formula" an actual scattering amplitude (i.e. a number) one would have to perform the 
integral over the moduli as well as the summation over spin structures, both of which are 
usually impossible by analytical means. 

In this paper we address two other important points that have to be understood in 
detail to be able to obtain explicit expressions for string scattering amplitudes. 

First of all, we need to know what is the correct normalization of the vacuum amplitude 
(the string partition function) at each and every genus, and also what is the normalization 
of all the vertex operators describing physical external string states. This is obviously an 
important issue since, for example, it is through the proper normalization of the vertex 
operators that there appears the relation between the string length scale parameter a', the 
gravitational coupling constant n and the gauge coupling constants. In a second quantized 
theory, like Quantum Field Theory, the proper normalizations are obtained automatically 
when computing the amplitudes using, for example, Dyson's formula. Instead, in the first 
quantized framework of string theory, one has to carefully fix all normalizations in a way 
consistent with unitarity of the S'-matrix. 

Second, we need to understand what is the exact relation between the vertex operators 
that we use to describe ingoing and outgoing string states in the "master formula". We 
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may formulate this more precisely: Consider some scattering process, 

^Nout+Nir, + • • • + AjV„„t + l > \Nout + • • • + Al , (1) 

where each label A represents a set of single-string state quantum numbers, such as mo- 
mentum, helicity, charges etc. By definition the quantum mechanical scattering amplitude 
Af^i for this process is given by the S matrix element 

Af^i = (Ai,...,Aiv„„,;m|5|Aiv„„,+i,...,Aiv„„,+iVi„;m) , (2) 

that involves only "in" states. Incoming strings are described by ket-states, outgoing ones 
by bra-states. 

In string theory we may compute the connected part of this transition amplitude 
by means of the "master formula", where each single-string state — whether appearing 
in eq. (2) as a bra or a ket — is represented by a vertex operator. The question is the 
following: If some vertex operator W|a) represents the single-string ket-state |A;m), what 
is the vertex operator >V(a| that represents the single-string bra-state (A;m|? 

Since (A; in\ = (| A; in)y it is clear that this question is closely related to the hermiticity 
properties of the scattering amplitude: The correct choice of yV(x\ should lead to (S-matrix 
elements consistent with unitarity. In particular it should lead to tree-level T-matrix 
elements that are real away from the momentum poles. 

In field theory, in the setting of the Lehmann-Symanzik-Zimmermann reduction for- 
mula for S'-matrix elements, yV(x\ is just the hermitean conjugate of W|a) • In string theory, 
due primarily to the presence of PCOs in the "master formula", the relation between W(a| 
and yV\\) turns out to be somewhat modified. 

In practice the two problems, finding the correct normalization of the vertex operators 
appearing in the "master formula", and deriving the exact relation between and 
VV|A), can be solved at the same time. We could imagine considering the connected part 
of the tree-level two-point amplitude (i.e. the inverse propagator) and impose that this 
should assume the canonical form known from field theory. But the "master formula" for 
connected string theory amplitudes is only well-defined on the mass shell and here the 
inverse propagator vanishes identically. 

Instead we consider another simple object, which is nonzero even on-shell and just 
as universal as the propagator. This is the amplitude for any given string state to emit 
or absorb a zero-momentum graviton without changing any of its own quantum numbers. 



2 



More precisely we consider the term that describes the universal coupling of gravity to the 
4-momentum of the propagating string state and the requirement that this term assumes 
its canonical form yields not only an expression for the normalization of the vertex operator 
in terms of the gravitational coupling k (which m. D = A dimensions is related to Newton's 
constant by n"^ — SttGn), it also provides the desired map between the vertex operators 
>V|A) and >V(A|. 

The procedure that we adopt is a development of the method proposed in ref. [4], 
where it was suggested to normalize the vertex operator of any given string state by 
considering the elastic scattering of this string state, and some "reference" string state, 
for example a graviton, at very high center-of-mass energies, where the interactions are 
dominated by gravity, and require that the tree-level amplitude for this process reproduces 
the standard one dictated by the principle of equivalence. But whereas in ref. [4] the 
method of normalization was only applied to a few examples, in this paper we proceed to 
find the proper normalization for all vertex operators in the string theory. 

The relation between the vertex operators yV\x) and W(a| and the associated question 
of unitarity of the (S-matrix was also discussed in ref. [5] . We provide an explicit expression 
for yV{x\, including an overall phase factor, which depends on the picture of the vertex 
operator, that was not manifest in ref. [5]. 

The paper is organized as follows: In section 1 we review the situation in quantum field 
theory, where the Lehmann-Symanzik-Zimmermann reduction formula involves different 
operators for incoming and outgoing particles, in analogy with the situation we encounter 
in string theory. In section 2 we present the "master formula" for string amplitudes and 
section 3 contains a discussion of the correct overall normalization of the vacuum amplitude. 
In Section 4 we obtain an ansatz for the map between yV\x} and yV{\\ , which is subsequently 
verified in section 5, where the normalization of the vertex operators is also derived. In 
Section 6 we check that our ansatz is consistent with unitarity in the sense that it leads to 
real tree-level amplitudes away from the momentum poles. Section 7 contains an explicit 
example in the framework of four-dimcnsional heterotic string theories built using free 
world-sheet fermions. Finally we include two appendices containing various conventions 
and a third appendix devoted to the proof of the compatibility of the GSO projection and 
the map between W|a) and W(a|- 
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1. Field theory 



We can formulate scattering amplitudes in 4D field theory in a form close to the one we 
use in string theory by means of the Lehmann-Symanzik-Zimmermann reduction formula 
for S'-matrix elements [6] : 

{Xi,...,XN,^,;in\S\XN,^t+i,-.-,XN,^t+Nir,,;in) = disconnected terms + (1.1) 

n J n (dS) mnuxi)...v\,,^^^^,^j{xM^Mj\o) . 

Here we have a Field Theory Vertex (FTV) V\x){x) corresponding to the 1-particle ket- 
state |A;m) where the label A incorporates the 4- momentum p as well as other quantum 
numbers, and similarly we have a FTV V(^x\ (x) corresponding to the 1-particle bra-state 
(A; in\. 

Since by definition of hermitean conjugation (A;m| = {\X;in)y, it is not surprising 
that V(^x\{x) is just the hermitean conjugate of 

Vix\ix) ^ {V\x)ix)y . (1.2) 

For example, for a particle described by a real scalar field (j), the 1-particle states are 
specified by their momentum only and the Field Theory Vertices are 

V\p)ix) = e'P-^ (-□, +m2) (Pix) (1.3) 
V^pl{x)= e-'P--{-a, + m^)4>{x) , 

where in both cases = -|-A/^^T^ri^ and □ — rj^^d^di, with ry = diag(— 1, 1, 1, 1). 

Another example is provided by an electron with momentum p and helicity ry, where 

V\e-,p,^){x) = -^{x) (^^. -m) u{p,r])e'P-- (1.4) 

Here ip = ip^i'y'^) — ip^{—i'yo) and {7'^,7'^} = 2?7^^. The spinor u{p,rii) of the incoming 
particle with momentum p and helicity r] satisfies the Dirac equation {i-^ — m)u{p, rj) = 
and is normalized according to 

u\p, r])u{p, T]') = 2p°5^,^/ . (1.5) 
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For particles of nonzero mass m this normalization is equivalent to the more standard one 
u(p, r])u{p, rj') = 2'mSrj,r]', but unlike the standard normalization condition it can also be 
used for massless particles. 

2. String amplitudes 



In this paper we only consider 4D heterotic string models in a Minkowski background. 
We define the T-matrix element as the connected ^'-matrix element with certain normal- 
ization factors removed 

(Ai; . . . ; Aat^^^; m|5'|AAr^„,+i, . . . , Ajv^^,+jv^„; m) connected _ 



n;=r ((Ai;^n|A,;m)) 



i=l 



T(Ai; . . . ; Ajv„„j |Ajv„„j+i; . . . ; A7v„„t+jVi„) , 



where Ntot = -^m + Nout is the total number of external states, pi is the momentum of the 
z'th string state, all of them having > 0, and V is the usual volume-of-the-world factor. 
We also introduce the dimensionless momentum = \J~^ Pfx- The Minkowski metric is 
T] = diag(-l, 1,1,1). 

For heterotic superstrings in the Neveu-Schwarz Ramond formalism we have various 
free conformal fields: The space-time coordinates X^, their chiral world-sheet superpart- 
ners V''^, the reparametrization ghosts 6, c and 6, c, and the superghosts 7. On top of this 
we have various internal degrees of freedom described by a conformal field theory (CFT) 
with left-moving (right- moving) central charge 22 (9). These may or may not be free. The 
^-loop contribution to the T-matrix element is given by the Polyakov path integral which 
is equivalent to the following operator formula 

T^(Ai;...;AAr„„jAAr„„,+i;...;Ajv„„t+jVi„) = (2.2) 

2 



^=1 M=i \a...3.. / 



3g-3+Ntat Ntot 

n {m\b) n 

1=1 i=l 



X 



^2g-2+NB+NFP 



A=l 



Here Cg is a constant giving the proper normalization to the string partition function (the 

^-loop vacuum amphtude). It will be given explicitly in section 3, and (as we shall see) 

the sign (—1)^"^ ensures that Cg is a positive number, is a modular parameter, -qj 

is the corresponding Beltrami differential, and our conventions for the overlap {r]i\b) with 

the antighost field h are defined in detail in ref. [7]. The integral is over one fundamental 

domain of A^iot-punctured genus g moduli space. For each loop, labelled by / = 1, . . . , 51, 

we have a summation over sets of spin structures, collected in vectors on and /3i, and with 

a summation coefficient C^'. By definition the correlator ((...)) includes the partition 

Pi 

function. At tree level, where the non-zero mode partition function is equal to one, the 
notation (. . .) is also used. At loop level we choose the normalization for the partition 
function to be the one obtained by applying the sewing procedure. This guarantees sensible 
factorization properties in the corner of moduli space where the world-sheet degenerates 
into individual tori connected by long tubes and implies that the spin-structure summation 
coefficient is just a product of one-loop summation coefficients as in eq. (2.2). More details 
on our conventions for spin structures, partition functions and operator fields in the explicit 
setting of a heterotic string model built with free world-sheet fermions [8,9,10] can be found 
in Appendix A, see also refs. [11,12]. 

In analogy with field theory we have introduced a vertex operator V\X){z, z) for each 
ket string state |A) and similarly a vertex operator Vi^\^{z^z) corresponding to each bra 
string state (A|. ^ At the end of this section we will have more to say about the meaning 
of these operators. 

The ghost factors residing in the BRST invariant version of the vertex operator, given 

by 

yV\x){z,z) = c{z)c{z)V\x){z,z) and W{x\{z,z) = c{z)c{z)V{x\{z,z) , (2.3) 

have been factored out in eq. (2.2). We take all space-time bosonic vertex operators to 
be in the q = —1 superghost picture and all the space-time fermionic vertex operators to 
be in the q = —1/2 superghost picture. In an amplitude involving Nb space-time bosons 
and 2Nfp space-time fermions this implies that we have to insert 2^ — 2 + Nb + Npp 
PCOs n at arbitrary points wa on the Riemann surface. In practical calculations it can 
be convenient to insert one PCO at each of the vertex operators describing the space-time 

^ Since all the states we consider are of the "m" variety, we drop the "in" label from now on. 
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bosons so as to change these into the q = picture. This leaves 2g — 2 + Npp PCOs at 
arbitrary points. 

If we "bosonize" the superghosts in the usual way, /? = d^e~'^ and 7 = e+'I'ri, the PCO 
is given explicitly by 

n = 2cdC + 2e'^T|;^'^] - Idie'^'f'rib) - \e^'''{dri)h , (2.4) 

Zi Zi 

where we suppressed the superghost cocycle factor which ensures that anti-commutes 
with all other fermionic operators on the world-sheet, and 

rj\xM ^ -l^x (internal part) (2.5) 

is the orbital part of the world-sheet supercurrent (i.e. the part not involving ghosts and 
superghosts). The "internal part" refers to the internal right- moving degrees of freedom 
of the CFT with central charge 9. 

As stated in the introduction our aim in this paper is twofold: First, since the T-matrix 
element as defined in eq. (2.1) corresponds to the connected ^-matrix element obtained 
using states with standard field theory normalization, we have to use vertex operators with 
a definite normalization in eq. (2.2). So we need to know what is the correct normalization 
of all vertex operators involved in the theory; and we also need to determine the value 
of the overall normalization constant Cg. Second, we need to understand what is the 
exact relation between the vertex operators >V(a|(^, ^) and W\x){z,z). By definition the 
operator yV\\){z — 0), when acting on the conformal vacuum |0), creates the string state 
I A), where (like in section 1) A is a label incorporating the 4-momentum k (with > 0), 
the helicity and the "particle type" (defined through the values of various charges and 
family labels). We may think of eq. (2.2) as an indirect definition of what we mean by 
VV^A|- It is the vertex operator we have to use on the right-hand side of this equation 
in order to obtain the T-matrix clement involving the bra-state (A| = (|A))^. Of course 
this definition is somewhat circular, because we don't know how to compute the T-matrix 
element until we have specified what are the vertex operators. Indeed, as explained in the 
introduction, the procedure we adopt is to carefully derive what yV{x\ should be in order 
for the "master formula" (2.2) to reproduce the correct amplitude for a propagating string 
to emit or absorb a zero-momentum graviton. Based on our experience from field theory, 
as outlined in section 1, we might expect yV{\\ to be given by the hermitean conjugate of 
>V|A)- As we shall see in section 4, this is not completely correct. 
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3. Normalization of the vacuum amplitude 



In section 2 we already made use of the basic fact that the problem of normaliz- 
ing string amplitudes can be separated into two independent problems: One, to fix the 
normalization constant Cg of the vacuum amplitude at genus g. The other, to fix the 
normalization of each vertex operator in the theory. 

It is factorization that leads to this simple result. For example, to see that the normal- 
ization of the vertex operators cannot depend on the topology of the world-sheet we can 
imagine inserting a vertex operator on a sphere connected by a long tube to some genus 
g surface. It is clear that the vertex operator cannot know about the distant handles. 
This is true even for vertex operators describing space-time fermions, even though these 
involve spin fields which are non-local operators on the world-sheet, because space-time 
fermions always come in pairs and we may imagine isolating both of the corresponding 
vertex operators (and the branch cut connecting them) on a sphere far away from all 
handles. 

Similarly, if we assume for the moment that the overall normalization of the amplitude 

depends on the number of external states, ^ as well as on the genus g, through some 
coefficients Cg^N, we find by factorizing the A^-point (/-loop amplitude into an + 1- 
point (/i-loop amplitude times a 1-point g2~loop amplitude times a propagator (where 
91+92= g), that 

^9i+92,N OC Cgi.TV+l Cg2,i (3.1) 

with a proportionality constant independent of gi , g2 and N. Setting = one gets 

Cg,N OC Co,N+i Cg^i , (3.2) 

so that the dependence on N can be studied at tree level. Again by factorization, at tree 
level one gets 

Co Co Co (3.3) 

and if we put N2 = 2 this implies that the ratio Co,Ar+2/C'o,Ar+i is independent of N or, 
in other words, that Cq^n oc (M)^ for some constant M.. So we may write 

Cg,N = Cg {Mf , (3.4) 

^ In this section only we drop the label tot on Ntot ■ 
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and if we absorb a factor of Ai into the normalization of all vertex operators we are then 
left with an overall normalization constant Cg depending only on the genus. 

To determine the value of Cg we adopt the method proposed in refs. [4,13]: To consider 
the elastic scattering of two gravitons in the Regge regime of very high center-of-mass 
energy and small energy transfer and impose that the leading part of the g-loop amplitude 
assumes the universal form needed for the eikonal resummation [14]. 

In order to get started we need the expression for the graviton vertex operator includ- 
ing the proper normalization which was found in refs. [15,4]: 

^|tav>(^'^) =^^^-^^(^)^-^(^)e"^^'^e*^^'''^ , (3-5) 

where = and we wrote the graviton polarization on the factorized form e ® e with 
e ■ k = e ■ k = 0. Our conventions for the operator fields can be found in Appendix A. Like 
in eq. (2.4) we suppressed the cocycle factor which ensures that the superghost operator 
e""^ — 5(7) anticommutes with all other fermions on the world-sheet. 
By picture changing (3.5) we arrive at 

<iv> ^) = n(«;) Vf^;:4 (., .-) (3.6) 
= -e • dX{z) [e ■ dX{z) - ik ■ i;{z)e ■ i;{z)] e^^'^^''^^ . 

TT 

The expressions for v|g^^^| and V^^gj^^j are identical to eqs. (3.5) and (3.6), as long as the 
polarizations e, e are taken to be real, and we ascribe to the outgoing graviton a momentum 
with fcO < 0. 

The calculation of the four-graviton gr-loop amplitude in the Regge limit starting from 
eq. (2.2) is different from the one in ref. [4] which was performed using the manifestly world- 
sheet supersymmetric formulation of the heterotic string. In fact it is much harder, because 
even after changing the graviton vertex operators into the (0) picture there remains 2g — 2 
PCOs at arbitrary points. To obtain the universal form of the amplitude in the pinching 
limit relevant for the Regge regime, where the world-sheet degenerates into a ladder-like 
configuration consisting of two "fast legs" connected by ^f-l- 1 long tubes, one should insert 
g — I PCOs on each of the two "fast legs" . (Other choices are of course possible but will 
lead to the presence of total derivatives that make the leading behaviour of the amplitude 
rather obscure.) Even subject to this constraint there still remains 2g — 2 PCO insertion 
points, the dependence on which only drops out at the very end of the calculation. 
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In the end we recover the standard result [4] pertaining to D = 4 space-time dimen- 
sions, 

and the sign factor (— l)^"-*^ exphcitly displayed in eq. (2.2). The origin of this sign is not 
too hard to understand. It is needed to compensate the identical sign which appears when 
we disentangle the anticommuting superghost factors e'^ and the orbital supercurrents 
tJ,^''^^ in the product of the 2^^ - 2 PCOs 

(e^^-'^^Tf'^J («;.)) = (-1)^-^ Cfle^^-A fnTf'^l («;«)) . (3.8) 

a=l \a=l / \a=l / 

The other three terms present in the PCO (2.4) do not contribute to the leading behaviour 
of the amplitude in the Regge regime. 

A comment about the spin structure summation coefficient in eq. (2.2) might be in 
order at this point: We fix Cg by considering the four-graviton ^r-loop amplitude in the 
Regge regime. However, only the 2^ spin structures responsible for graviton exchange 
contribute to the leading, universal part of the amplitude. How do we know that the 
normalization we obtain is also correct for all the other spin structures? The answer to 
this has already been given in section 2: The requirement that the amplitude factorizes 
properly in the limit where all loops are taken far apart implies that the spin structure 
summation coefficient should be a product of one-loop summation coefficients. These are 
in turn specified by the requirement that the one-loop partition function should be modular 
invariant, once a (physically sensible) choice of GSO projection has been made [8,9]. ^ 



4. The relation between W\\) and >V(a| 



We now consider in detail the connection between the vertex operators describing 
incoming and outgoing string states. 



Strictly speaking modular invariance of the one-loop partition function does not specify the 
summation coefficient for those spin structures where one (or more) of the free fermions on 
the world-sheet develop a zero mode, because these spin structures give zero contribution to 
the partition function. In order to check that no extra phase factors appear in these cases 
one may for example consider the factorization of a two-loop vacuum amplitude into one-loop 
tadpoles [9] . We carried out this check explicitly in the framework of Kawai-Lewellen-Tye [8] 
heterotic string models. 
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What we are looking for is the map which, given the vertex operator W|a) describing 
an incoming string state, gives us the vertex operator >V(a| describing the same string 
state but outgoing. As we saw in section 1 this map is just given by hermitean conjugation 
in the framework of quantum field theory. In string theory this cannot be the whole 
story, because if the operator field >V|a) creates the ket-state |A) in the usual sense, |A) = 
lim^ iF^o y^\x){Cj 010)5 then by definition the hermitean conjugate operator field creates the 
corresponding bra-state, (A| = lim^^^^Q(0| (W|a)(C7 0)^- But in eq. (2.2) both V(a| and 
V\x) are vertex operators that create ket states when acting on the conformal ket vacuum. 

So we need to compose two-dimensional hermitean conjugation with some other trans- 
formation which also maps a vertex operator creating ket-states into a vertex operator 
creating bra-states. This transformation should be a symmetry of any 2-dimensional con- 
formal field theory on the sphere. The obvious choice is the BPZ conjugation [16] (see also 
[17]). 

Therefore we now quickly review our conventions on hermitean conjugation and BPZ 
conjugation in conformal field theory. After that we will propose a map from W|a) to 
VV(A| which is just an unknown phase factor times the combination of BPZ and hermitean 
conjugation. In the next section we will check that our guess indeed gives the right map, 
and in the process the phase factor will be determined. 

4.1 Two-dimensional hermitean conjugation 

In this section we review our conventions on hermitean conjugation, see also refs. [5,12] . 
We define the hermitean conjugate of all elementary operators in the conformal field theory 
by specifying the hermitean conjugate of the corresponding oscillators, with the further 
understanding that hermitean conjugation also complex conjugates all complex numbers 
and inverts the order of the operators. 

For example, if 

^A(^)=5]0n^-"-^ (4.1) 

n 

is a primary chiral conformal field of conformal dimension A, then the hermitean conjugate 
of this field is 

i^A{z))' = 1^-) $a(-) , (4.2) 
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where z* denotes the complex conjugate of z (we think of z and z as independent complex 
variables, so that z* and z need not be equal) and 

$A(^)=E<^-n^"""^ (4-3) 

n 

is a primary conformal field of the same dimension as $a- We say that a field $a is 
hermitean (anti-hermitean) when $a = (— ^a)- 

The hermiticity properties are made more complicated by the presence of the 
reparametrization ghosts, because on the sphere the basic nonvanishing correlator is 
(c_iCoCic_iCoCi) where (since cj^ = c_^) the operator involved is explicitly anti-hermitean. 
Therefore either one has to postulate an imaginary value for this correlator or one has to re- 
linquish the property {M\A\N) = +{N\A'^\M)* of matrix elements involving ghost degrees 
of freedom. We prefer the second option. We define 

( |c_iCoCip ) = (c_iCoCic_iCoCi) = -1-1 (4.4) 

and this implies that 

{M\A\N) = -{N\A^M)* (4.5) 

in the presence of ghosts. As a special case of this 

{M\coCoA\N) = {N\coCoA^\My (4.6) 

for any operator A not involving the modes bo or Bq. 

A list of hermiticity properties for the fields relevant in four-dimensional heterotic 
string models constructed using free fermions can be found in Appendix B. 

4.2 BPZ INVARIANCE IN CONFORMAL FIELD THEORIES 

Consider a conformal field theory on the cylinder. Introduce complex coordinates 
z = exp{z(cr -|- r)} and z = exp{z(— cr -|- r)} and rotate to Euclidean time r — > —ir. 
Changing sign on r and a simultaneously gives rise to the Belavin-Polyakov-Zamolodchikov 
(BPZ) transformation z ^ 1/z [16,17]. This transformation defines a globally holomorphic 
diffeomorfism on the sphere. 

At the level of the operator fields, the transformation changes the coordinate system 
from (z) to (w) where w = 1/z: 

^{z = C) ^ = . (4.7) 
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For a primary conformal field of dimension A 

^Aiw = = e-'^"^ ( 7 ) U = 7 ) , (4.8) 



( 1 



where for non- integer conformal dimensions we have to choose a specific phase for — 1, ^ 
parametrized by an odd integer e, when forming the transformation factors 

|i = e-*-ij and ^ = e+'-l. (4.9) 

aw az z'^ 

The BPZ transformation does not reverse the order of operators and it leaves all complex 
numbers unchanged. It cannot itself be generated by any operator acting on ket states. 
Instead it defines a map from ket-states to bra-states as follows: 

1$) = lim$(^ = C)|0) ^ = lim(0|$(t(; = C) • (4.10) 

The label "BPZ" on the state ($^^^1 is necessary in order to avoid confusion with the 
bra state ($| = lim^^o(0| ($(2 = C))^ defined by hermitean conjugation, because this will 
in general differ from ($^^^|. (Another possibility, preferred by many authors, is to take 
BPZ conjugation as the defining map from ket to bra and introduce instead a label ($'^-^- 1 
on the state defined by hermitean conjugation.) 



4.3 Composing BPZ and hermitean conjugation 



The composition of BPZ and hermitean conjugation gives a map from ket to ket 

1$) ^ (($BPZ|^t ^ i^BPZ^ (4_;L1) 

which acts on the primary conformal fields as follows 

*a,a(^ = C,^ = C) ^ (^a,a(«^ = C,«^ = C))^ (4.12) 

= e--(^-^)$^,A(^ = r,^ = r) • 

Notice that for fields with non- integer value of A — A, BPZ and hermitean conjugation 
do not commute. However, this is not a problem for vertex operators describing BRST- 
invariant on-shell string states, which satisfy A = A = 0. 

^ In their original paper [16], Belavin, Polyakov and Zamolodchikov avoided this problem 
by considering instead the conformal transformation z —^/z, but we prefer to consider 
z ^ 1/ z, in accordance with most subsequent authors. 
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The transformation (4.12) is our educated guess for the map taking W|a) into yV{x\, 
only we will allow the possibility that some phase factor x may appear. In other words, 
our ansatz is that if some incoming string state with definite quantum numbers is created, 
in the superghost charge q picture, by the vertex operator y^\x^, 

|A) = \imWl^hz,z)\0), (4.13) 

then the vertex operator we have to use in the "master formula" (2.2) to obtain the T- 
matrix element involving the outgoing state (A| is given by 

wii]{z = c,z = c) ^ x.«)(^ = r,^ = n)^ • (4.14) 

As was emphasized at the beginning of section 4, the operator w|^|, like any vertex 
operator, creates a state by acting on the ket vacuum. From the definitions (4.14) and 
(4.10) we find this state to be 

lim Wll]{z = Crz = m = X.|A^^^) . (4.15) 

In other words, we obtain the T-matrix element involving the bra-state (A| by inserting into 
the Polyakov path integral an operator creating the state Xq\^^^^)- Notice that whereas 
the state |A) always has A;° > 0, the state |A^^^) has < 0. 

Since the combination of BPZ and hermitean conjugation maps 

Lq Lq and Qbrst ^ -Qbrst , (4.16) 

and since BPZ conjugation is a world-sheet symmetry on the sphere, it follows that if 
the state |A) is a physical on-shell state, Lo\X) — Qbrst\X) — 0, then so is the state 
Xq|A^^^), regardless of what value we choose for the phase Xq- It is less clear that the 
map (4.14) is also consistent with the GSO projection, i.e. that |A) satisfies the GSO 
projection conditions if and only if |A^^^) does, because the two states will in general 
reside in different sectors of the string theory. An explicit proof in the framework of a 
Kawai-Lewellen-Tye (KLT) type heterotic string model is given in Appendix C. 

If we restrict ourselves to ERST invariant on-shell string states, both >V|a) and W|a> 
are primary conformal fields of dimension zero, and eq. (4.14) becomes 

^ll\ic,c) = xqyvl^l{c,c). (4.17) 
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We will now proceed to verify our ansatz (4.17) by considering the amplitude for the string 
state I A) to emit (absorb) a very soft graviton. We will find that the phase factor Xqi ^ 
anticipated by our notation, depends only on the choice of picture. In particular, if we 
restrict ourselves to the pictures q = —1 and q = —1/2, the phase factor Xq depends only 
on whether the string state is a space-time boson or a space-time fermion. At the same 
time we will be able to determine the correct overall normalization of the vertex operators 
to be used in the formula (2.2) for the T- matrix element. 

5. Normalization of vertex operators 

In this section we consider the computation of the tree-amplitude for some given on- 
shell string state to absorb or emit a very soft graviton. We perform the analysis for a 
generic four dimensional heterotic string theory where the graviton vertex operator has 
the form of eq. (3.5), but the argument can be readily applied to other string models. 

We first discuss the case of space-time bosonic states and then the case of the space- 
time fermionic states. 

5.1 Normalization of space-time bosonic vertex operators 

We first recall what is the situation in field theory. Consider a basis of propagating 
bosonic particle states with momentum p, labelled by an index A^, in terms of which the 
propagator assumes the diagonal form Pmn /{p^ +"^Ar) where Pmn = +^m,n for physical 
states and Pmn = —Sm,n for possible negative norm states. For example, for a photon 
with space-time vector index M = fx we have Pmn = ViJ-f 

The tree-level T-matrix element for such a particle to emit (absorb) a graviton contains 
a universal term which, in the limit where the graviton momentum is zero, assumes the 
form 



where we wrote the graviton polarization on the factorized form e<S>e and Cq is the overall 
normalization constant for string tree amplitudes, given by eq. (3.7). The behaviour (5.1) 



2Ke-pe-pPMN= —4:—e-ke-kPMN 

a' 



(5.1) 



= y-J e-k e-k Pmn , 
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describes the canonical coupling of gravity to the p^Pi^-part of the energy- momentum tensor 
of the propagating particle. 

The sign of the amplitude (5.1) obviously depends on the sign convention for the 
graviton field /i^j^. Eq. (5.1) corresponds to the expansion 

9^.. = V^u - 2k {h^, + \r]^,h%) + 0{e) (5.2) 

regardless of the coefficient A chosen for the trace term. 

The sign chosen for the graviton vertex operator (3.5) is in agreement with this con- 
vention, as one may check by computing the 3-graviton tree amplitude from eqs. (3.5) and 
(2.2) and comparing with eq. (5.1) in the case where the state |M) is itself a graviton. 

Consider now computing the universal part (5.1) of the graviton absorption amplitude 
at genus zero in string theory. We consider a complete set of space-time bosonic string 
states |Ar, A;), labelled by built from the superghost vacuum \q = —1), satisfying ho = 
bo = and having definite momentum k. We may think of N as specifying physical 
quantities such as helicity, charges and family labels. 

The T-matrix element for the process "N + graviton — > M" is given by 

T°(M,A;|graviton;Ar,/c) = -C'o(w|^;i| (^i, ^i)wfg%(z, ^)wf^^^^^^ (5.3) 

where we have to use the graviton vertex operator in the superghost charge (0) picture, 
given by eq. (3.6), and the states \N,k) and {M,k\ are now assumed to be physical, so 
that Wi^jY fc*) ^{M^A;| primary conformal fields of dimension zero. 

By projective invariance on the sphere we can fix zi = oo, z = 1 and Z2 — 0; and since 
the w|^^^| vertex operator is assumed to have conformal dimension zero we can evaluate 
it in the coordinate system (w), where w = 1/z, without introducing any transformation 
factor. In so doing we just undo the BPZ transformation in the definition eq. (4.14) of the 
operator w|jy^^^| and obtain 

(^\^{MMi^ = ^ = ^) = X-i (0| {yvlM%i^ = ^ = ^))^ = X-1 (M,A;| . (5.4) 

Accordingly eq. (5.3) becomes 

T°(M, A;|graviton; Ar,A;) = -x-i Cq (^"^^ {M, k\c{l)c{l)e ■ dX{l) e ■ dX{l)\N,k) . (5.5) 

Here we may expand the fields c, c, dX and dX in oscillators. Only modes with Lq = Lq = 
can contribute to the "universal" part (5.1) of the amplitude. This is because this part 
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of the amplitude, like that of a freely propagating string state, conserves Lo{X^^), Lo(X^), 
Lo(6, c) and Lo(6, c). We may imagine the basis \N,k) of string states to diagonalize all 
these operators. Then for n we may write e.g. 

< = ~[Lo{Xn,<] (5.6) 

and this vanishes between the states (M, k\ and \N,k) since by assumption they have the 
same value of Lo{X^^). 
We are thus left with 

T^{M, /c|graviton; N, k) = -X-i C'o (^) e-ke-k (M, k\cQCQ\N, k) + . . . , (5.7) 

where "+ . . ." denotes possible other terms in the amplitude with a different kinemati- 
cal structure than the universal part (5.1). By eq. (4.6) the matrix {M, k\coCQ\N, k) is 
manifestly hermitean and by an appropriate choice of basis it may be diagonalized such 
that 

{M,k\coCo\N,k) = {Aff'j^^y ^\'N:k) Pmn , (5.8) 

where either Pmn — (so that the state does not propagate) or IPma^I — Sm,n- Our 
conventions (4.4) imply that Pmn = +^m,n for all physical external states but —dM,N for 
negative norm states (such as the "timelike" photon). The factor -f^^j^^^ specifies the overall 
normalization of the state |A^, k). By inserting eq. (5.8) into eq. (5.7) we obtain finally the 
correct result (5.1) if we take the phase factor introduced in eq. (4.14) to be X-i — 1 cind 
choose the normalization constant to be the same for all states, A^*^®;-^ = -^In^)^ given by 



Arbos 
•'^\N,k) 



K 



(5.9) 



In summary. 



^(AT 2) = +^|Ar fcV'^' ^) physical spacetime bosons , (5.10) 

and the proper normalization of the state \N,k) is given by 

{M,k\coCo\N,k) = (^) Pmn ■ (5.11) 

Since by definition \N,k) = lim^^^_,Q W|jv,fe)(C) Ol^)? (5-11) specifies the normalization 
of the vertex operator up to a complex phase factor. If the vertex operator W^^^j^^ is 
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complex, i.e. not proportional to VV^^^^f^y ^ there is probably no fundamental reason to 
prefer any specific value of the overall complex phase factor, just as in field theory the 
phase of a complex field is an unphysical degree of freedom. If, on the other hand, ^V^^^^-^ 
is proportional to W|^^^i^^ it becomes natural to impose a reality condition, which we can 
take to be 

^In% - +^\N%) or Vf4 = (5.12) 

in agreement with the choice made for the graviton vertex operator (3.5). This implies 
that W|j^"'"^^| = y^\N^l}.y Even in this case there remains a choice a sign for the vertex 
operator. This is completely dependent on convention, just like the sign of the graviton 
field in the expansion (5.2). 

5.2 Normalization of space-time fermionic vertex operators 



We now consider the case of space-time fermions. The field theory description is now 
more complicated than in the case of space-time bosons, since the graviton field should 
be described in terms of the vierbein, e^. The canonical coupling to gravity of a Dirac 
fermion, labelled by an index N, is given by the action 

J d^'x e {I'^e^mdf. + m} P^"^ , (5.13) 

where we ignore the spin-connection terms which all involve derivatives of the vierbein 
and thus give rise to terms in the fermion-fermion-graviton amplitude proportional to the 
graviton momentum. When expanding around the flat background we can ignore the 
deviation of e = det{e^} from unity since this gives rise only to terms proportional to the 
trace of the graviton field. One obtains the following expression, analogous to eq. (5.1) for 
the universal part of the fermion-fermion-graviton T-matrix element at tree level: 

-iKu(p,ri)Yp^uiP,v)^i^^i^ Pmn , (5-14) 
where, by virtue of the Gordon identity 

we recover the bosonic result (5.1), as dictated by the principle of equivalence. 

^ Notice that ifW^^^j^^ is proportional to ex-p{ik-X) then yV^^^j^^^ is proportional to exp{—ik-X). 
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(5.15) 



In the string theory analysis we again consider a complete set of states \N,k), labelled 
by N, now built from the superghost vacuum \q = —1/2), again satisfying bo = bo = and 
having a definite momentum k. 

We may now proceed exactly as in section 5.1, only now we have to use the superghost 
charge (—1) version of the graviton vertex operator, given by cq. (3.5). In the limit of 
vanishing graviton momentum we obtain 

T^M,/c|graviton;Ar,/c) = -Co (wJ-^/f^ (^i, ^i) wf'^^ (^, ^) wf"^^^^^^ 

= -X-i/2 Co (M, k\wl;^ll^{l)\N, k) . (5.16) 

As in the bosonic case only zero-mode operators contribute to the part of the amplitude 
in which we are interested, so that 

r°(M,A;|graviton;iV,/c) = X-i/2 Cq- e ■ k t^{M,k\coCoi^oKio)\N,k) + . . . . (5.17) 

TT 

Here we may recognize the form (5.14) of the result obtained in field theory, since the zero 
mode V'o of the operator field ij)^ furnishes a representation of the Clifi^ord algebra, and so 
is completely analogous to the gamma matrix 7^ appearing in the expression (5.14). 

The matrix (M, A;|coCo'i/'o^(7o)|^9 ^) transforms as a space-time vector and therefore 
has to be proportional to the momentum k^ . Since V'o ^(To) anti-commute it is 
manifestly anti-hermitean (q.v. eq. (4.6)) and by choosing an appropriate basis it can be 
diagonalized such that 

(M, k\-coCoro5{lo)\N, k) = lYk^ {^1^"%))* M'^n^) Pmn ■ (5.18) 

In section 7 we will explicitly derive this formula in the context of a KLT heterotic string 
model. It is quite analogous to cq. (5.8). The factor of i reflects the fact that the matrix 
on the left-hand side is anti-hermitean and (as we shall see in section 7) the constant factor 
Y = ±1 depends on the conventions chosen for the spin fields. Finally, Pmn = +Sm,n 
for physical states, as always. Like in the bosonic case the factor J^^^'^^ specifies the 
normalization of the string state \N,k). If we insert eq. (5.18) into eq. (5.17) we finally 
obtain 

T°(M, /cigraviton; iV, k) (5.19) 
= Y i X-1/2 Co {^f;'^%y ^f;^':^^ ['^)e-ke-kPMN + ... , 
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which reproduces the right result (5.1) assuming we choose 



X-i/2 = for spacetime fermions 



(5.20) 



and fix the normahzation of the states in the same universal way as for the bosons, A^^^"^^ = 
Ul^^^^, and 

(5.21) 



\ rferm 



A /-bos 



K 
TT 



In summary 



(-1/2), 



{N k\ ^^1^) ~ {'^^)^\N^k)^ {^1 ^) for physical spacetime fermions, 



(5.22) 



and the proper normalization of the string state is given by 



(M,A;|cocoV'o'^(7o)|A^, A;) = iYk'' (^)' Pmn 



(5.23) 



Since the PCO (2.4) is an anti-hermitean operator which satisfies Bose statistics, eqs. (5.10) 
and (5.22) can be generalized to the superghost charge q picture as follows 



(3) 
{N,k\ 



{z,z) = X.wgfe)(^,^) = i-ir+'wl'J,,)iz,z) 



(5.24) 



For pictures of half-integer q (i.e. pictures describing space-time fermions) the phase factor 
(— l)^"*"^ involves a choice of sign, which is parametrized by Y according to eq. (5.20), i.e. 



6. Space-Time hermiticity 

An important check on the correctness of our expressions (5.10) and (5.22) for VV^^^^| 
is provided by the requirement that the T-matrix element obtained from eq. (2.2) has the 
right hermiticity properties. 

Unitarity requires that the tree-level T-matrix element is real except when the momen- 
tum flowing in some intermediate channel happens to be on the mass-shell corresponding 
to some physical state in the theory. In field theory the imaginary part appears as a result 
of the ze-prescription present in the propagator that happens to be on-shell. In string 
theory it appears as a result of some divergency in the integral over the Koba-Nielsen 
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(KN) variables that has to be treated in a way consistent with the ze-prescription in field 
theory [18,19,20]. 

What we can rather easily show is that as long as the integrals over the KN variables 
are convergent the expressions (5.10) and (5.22) lead to a hermitean T-matrix at tree level. 
At genus zero the formula (2.2) can be rewritten as 

T°(Ai;...;Ajv„„^|Ajv„„^+i;...;Ajv„„t+iVi„) = (6.1) 

'Ntot 



/I _°} \ 
I n "^^^^ ) (c(^i)c(^2)c(^3)c(2;i)c(2;2)c(2;3) x 

b+Nfp-2 \ 

W TI{wa) \ V(Ai|(^l,^l)...V|A^^^j(^iVtot>^iVtot)) 



A=l 

The T-matrix is hermitean if and only if the quantity (6.1) equals 

[T°(AAr„„t+Ari„;---;Aiv„„,+i|AAr^„,;...;Ai)] = (6.2) 

where we used eq. (4.5). 

In terms of the vertex operators V (where the cc factor present in W has been removed, 
q.v. eq. (2.3)) the relations (5.10) and (5.22) acquire an extra minus sign (because cc is 
an anti- hermitean operator): 

Vl-'\z,z)= -Vl^;\z,z) (6.3) 
v{-'/'\z,z)= -iYvl-'/'\z,z), 

which, by taking the hermitean conjugate, leads to the inverse relations 

Vl-;\z,z)= -Vl;\\z,z) (6.4) 
vl-'/'\z,z)= -iYV\-'/'\z,z) . 
Since the operators V|a) and V(a| have conformal dimensions A = A = 1 we find for 

1=1,.. .,Nout- 



(phase factor) x (^^^^ x V(a,| , 
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where the phase factor we pick up is minus one for space-time bosons and iY for space-time 
fermions. By eqs. (6.4) we pick up exactly the same phase factor from vertex operators 
of the type V(a|- This amounts to an overall sign (^—I'^^b+Nfp ^ Npp being the number 
of space-time fermion pairs and Nb the number of space-time bosons. This sign exactly 
cancels the sign produced by the Nb + Nfp — 2 PCOs, which are anti-hermitean. Finally, 
reordering the ghost factors in (6.2) in accordance with cq. (6.1), we obtain a minus sign 
cancelling the one that was introduced by using eq. (4.5). 

Since the transformation factors {z*)~'^{z*)~'^ appearing in eq. (6.5) either cancels a 
similar one coming from the ghost operators (for i = 1, 2, 3), or is just the required jacobian 
to transform d^Zi into d'^Q where Q — 1/z* {i > 4), we finally recover eq. (6.1) multiplied 
by a phase factor that, at the end, is just plus one. This concludes the proof that our 
relation between w|^| and W^^^ leads to a hermitean T-matrix at tree level away from the 
resonances. 



7. An explicit example 

In this section we provide an explicit example of the map (5.24) in the context of four- 
dimensional heterotic string models of the Kawai-Lewellen-Tye (KLT) type [8,9], where the 
internal degrees of freedom are described by 22 left-moving and 9 right-moving free complex 
fermions. We bosonize all these fermions (as well as the four Majorana fermions V'^)? using 
the explicit prescription for bosonization in Minkowski space-time proposed in ref. [12]. 

In this formulation any state of the conformal field theory (excluding the 
reparametrization ghosts) can be obtained by means of non-zero mode creation opera- 
tors from the generic ground state which is specified by the space-time momentum k, 
the "momentum" Jq^'' = Al oi the 33 bosons introduced by the bosonization, and 
the superghost charge Jq^^^ = Q = A34 which is (minus) the "momentum" of the field 
(f) = $(34) that is introduced when "bosonizing" the superghosts. Since [Jq^\^(^k)] = 1 
the operator creating such a ground state from the conformal vacuum is 

5A(^,^)e^'=-^(^'^") , (7.1) 

where 

34 

Sp^iz, z)^Y[ eA-*(-)(-'-") (qz,))^' , (7.2) 
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is a spin field operator and C(i,) is a cocycle factor, see ref. [12] for details. 

The range of values allowed for the Al depends on the details of the KLT model we 
happen to consider, see refs. [8,11]. We assume the level-matching condition Lq — Lq = 
to be satisfied. 

The hermitean conjugate of the operator 5'a(-s,^) can be computed using the her- 
miticity properties of the various fields, as outlined in Appendix B (see also ref. [12]). One 
finds 

Sa{z,z) = (a[^^^C-^^^ Ss{z,z) , (7.3) 

where 

(f^f'^VB = ^A^'B^j 5a33+B33,0 5a34,B34 (7-4) 

and C"-*^ is the inverse of the "charge conjugation matrix" 

Cab = (jl 5A,+B.,oj 5a34,B34 e^'^^'^'^ (7.5) 

defined in terms of the 34 x 34 cocycle matrix Ykl (see refs. [12,11]). 

The example we want to study is that of a physical space-time fermion described by 
a ground state. To obtain a BRST-invariant state one has to consider a vertex operator 
which involves a linear combination of spin fields, 

^|v,if (^'^) = ^ Vf_,)(/c)5A(^,^) e*^(-'^") , (7.6) 

where the spinor V^i^(/c) has superghost charge —1/2, i.e. is proportional to 5a34,-i/27 
and satisfies a Dirac equation which can be obtained from the requirement that the 3/2- 
order pole in the operator product expansion (OPE) of the supercurrent T^'^' with the 
operator (7.6) vanishes. If we define the gamma matrices by the OPE 

r{z)SA{w,w)°^'' ^{rn^Sj,{w,w)^^ + ... , (7.7) 
V2 ^Jz-w 

the Dirac equation assumes the matrix form 

(V(_i)(/c))^D(/c) = or (D(/c))^V(_i)(/c) = 0, (7.8) 
where the Dirac operator is 

D (/c) = k^r^ - M , (7.9) 
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M being a mass operator that we do not need to write down explicitly. 

When the vertex operator is written as in eq. (7.6) we are no longer free to choose the 
normalization of the spinor \(^_i-^{k). It should be fixed in accordance with eq. (5.23). In 
the next subsection we will explicitly verify that the correct normalization is 

(V(_i)(/c))t V(_i)(/c) = x/2 , (7.10) 

which is analogous in structure to eq. (1.5). 

By using eq. (7.3) in the expression (6.3) we find the "outgoing" vertex operator 
corresponding to (7.6) to be 

Vfv^ri-^--) = {Kd^^y {-?''c-^)^Sniz,z) e-*'^-^^-^-) , (7.11) 

where X-i/2 — . 

7.1 A Sample Computation. 



We will now explicitly compute the amplitude for a space-time fermion described by 
the vertex operator (7.6) to absorb a zero-momentum graviton. In particular we will obtain 
the relation (5.19) and show how the sign Y appearing in this formula is related to the 
choice of cocycles. 

Inserting eqs. (7.6), (7.11) and (3.5) into eq. (5.16) we obtain: 

T°(V,/c|graviton; V,A:) = -Co {w\-]l'^\zuzi) >vfgTav>(^. (^2, ^2)) (7.12) 

= ^X-l/2Co (Vf_.)(/c))* {ar^C-^)yf_.^^{k) e, x 

(5'B(^i,^i)V'^(^)e-*(^*)(^)(C(34))-'>5c(^2,^2)) X 
{e-dX{z)e-'^-^^^'^^'^e'^-^^^^^^^^) {c{zi)c{z)c{z2)c{zi)c{z)c{z2)) . 

By explicit computation one finds 

(e-*(34)W(q3^^)-i^M(^)5j3(^^^^^)^^(^2^^2)) = (7.13) 

where m is the mass of the space-time fermion, + rn? — 0, and we introduced another 
family of "charge conjugation matrices" by 

(^('?))ab ^ ^^i+^i'O^ 5A34+B34+q+2,o e'""^'^'^ (7.14) 
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for any value of q & Z. 
Similarly one finds 

[Z - Zi){z - Z2) 

{ \C{ZI)C{Z)C{Z2)\^ ) = \{ZI - Z){Z - Z2){ZI - Z2)f . (7.15) 

Substituting (7.13) and (7.15) into eq. (7.12) we obtain 

r°(V,A;|graviton; V,A;) = (7.16) 

X-1/2C0 71 ^ ((V(_.)(/c)) Vr)c-irMC(_i)V(_.)(/c)) . 

One may show that 

(^'^C(_i))^3 = (-1)^34+1/2 (^C(_i)i;(r'^)^)^^ (7^7) 

where 

^AB= (jJSA,,B?j expjiTT J]r34,LBL| (7.18) 

and the sign (—1)^34+1/2 jg effectively equal to one, since the matrices appearing in 
eq. (7.16) are sandwiched between spinors with superghost charge —1/2. For the same 
reason the inverse charge conjugation matrix is effectively equal to (C(_i))~^. Fi- 
nally it is straightforward to verify that F^, as defined by eq. (7.7), may also be written 
on the form 

ro = iYs^,3sSa[^^^ (7.19) 

and since S and a^^^ anticommute, (r^)'^ = —F^. 

Inserting eqs. (7.17) and (7.19) into eq. (7.16) we obtain 

T°(V,A;|graviton;V,fc) = (7.20) 
- iX-i/2>^34,33 Co [^y^e-ke, (^(V(_i)(/c))^rO)^(r'^)^V(_.)(/c)) . 

At this point we may use the Gordon-like identity 

(V(_.)(fc))^ {FYiF'^f V(_i)(fc) = -V2k^ . (7.21) 

This equation can be proven directly using the Dirac equation (7.8), but it is easier to note 
that Lorentz covariance forces the right-hand side to be proportional to k^^ and then fix 
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the proportionality constant by setting fj, = and using equation (7.10). Thus we finally 
obtain 

T°(V,fc|graviton;V,fc) = zx_i/2l34,33 Co (^)% • e • /c . (7.22) 
This agrees with the correct result (5.1) provided we choose 

X-i/2 ^iY^ iYs4,33 ( 7.23) 

and shows that the sign Y appearing in eq. (5.18) should be identified with the component 
^34,33 of the cocycle matrix. At the same time we have verified the correctness of the 
normalization (7.10) for the spinor V_i (fc). 

Appendix A: Conventions for operators and partition functions. 

In this appendix we summarize our conventions for operator fields, partition functions 
and spin structures in the explicit setting of a Kawai-Lewellen-Tye (KLT) heterotic string 
model. For more details, see refs. [12] and [11]. 

Space-time coordinate field: 



X^'{z,z) = g'^-z/c^log^-z/c^logz + z + (A.l) 

X^'{z, z)X''{w, w) °= - 7]^"" log{z -w)+ c.c. + . . . (A.2) 
(( 1 ))g-ioop = (det ao)-^/'(det 27rImT)-^/2 , (A.3) 



where r is the period matrix (as given in ref. [21]) and the explicit expression for det^o 
can be found for example in ref. [22]. It is normalized to give plus one in the limit where 
all loops are pinched. 

Majorana fermion field: 

r{z) = Yl C^-"-'/' rra} = V'^^'Sn+mfi , (A.4) 

n 

where the mode index n is integer (half odd integer) for Ramond (Neveu-Schwarz) bound- 
ary conditions. The anti-commutation relations are equivalent to the OPE 

il;''{z)il;''{w) °= rji^''^— + ... . (A.5) 
z — w 
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When computing correlation functions we usually bosonize all fermion fields. 
Bosonized complex fermion: 



4>{z)4>{w) = log(2; — w) -\- 

N 



i=l 



)) 



5-loop — 



(A.6) 
(A.7) 



Z-/i=l 



i<j \i=i 



where is normalized to have period 27rz5^ around the cycle ttj, (//, z/ = 1, . . . , (7), E{z, w) 
is the prime form (with short-distance behaviour E{z, w) = {z — w) + 0{z — w)^) and we 
define 



reZB 



^1 ill 



(A.8) 



Superghosts: 

Our conventions for mode expansions, OPEs and "bosonization" of the superghosts /? and 
7 are the standard ones [23]. We always remain inside the "little" algebra, i.e. excluding 
the zero mode of rj and ^. Our convention for the partition function is 



N 



(A.9) 



AT 



i<j 



X 



1=1 



-27ri(l/2+/3^ 



This expression agrees with eq. (36) of ref. [24], except for the overall sign which differs 
in two regards: First there is the phase factor appearing at the beginning of the third line 
above, which is chosen in accordance with our definition of the spin structure summation 
coefficient given below. Second, the sign of the argument of the theta function is opposite 
to that of ref. [24], which amounts to a factor of minus one for odd spin structures. The 
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sign we quote above for the argument of the theta function is the one that is obtained 
when the correlation function is carefully constructed by sewing [25] . Hence it is the sign 
consistent with factorization. Our conventions for the differential a and the Riemann class 

are in accordance with ref. [21]. 

Reparametrization ghosts: 
Our conventions for reparametrization ghosts follow ref. [23] . The normalization of the par- 
tition function is the standard one, and the explicit expressions can be found in refs. [7,26]. 
By definition the correlator 

2 



3g-3+Aftot iVtot 

n (^^1^) n ^(^^ 

/=1 i=l 



(A.IO) 



is positive definite. 

Spin structure summation coefficient: 

Finally the spin structure summation coefficient in eq. (2.2) is a product of one-loop sum- 
mation coefficients which are given in accordance with ref. [11] by 

1 



X 



(A.ll) 



exp < — 27rz 



^(nf + 5i,o)(Xl%"^? + Si - ho) + ^mfsj + ^ 



where \i = 1, . . . ,5f. The spin structure of the fermion labelled by L e {1, 
related to the integers and through 



, 32} is 



(A.12) 



For more details, see ref. [11]. 



Appendix B: Hermit icity properties of operators 



In this appendix we summarize the hermiticity properties of various primary operators 
and provide some of the details in the derivation of eq. (7.3). 
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Table Bl: Hermiticity properties of various primary conformal fields. 

The hermitean conjugate field $a of a primary conformal field $a of dimension A 
is defined by eq. (4.2) or eq. (4.3). In table B.l we list various operator fields and their 
hermitean conjugates. 

The cocycle operators C(^) appearing in the expression (7.2) and defined in detail in 
refs. [11,12] satisfy 

(%))^= (C(L))"' (C^^?)' for L = l,...,32 (B.l) 
(C(i))^= C(i,)exp|-27ri5^rz,Kji'^^| for L = 33, 34 . 

Here C^^^ is the cocycle operator involving the number operators of the reparametrization 
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ghosts and of the (?7,C) system (excluding the {r],^) zero modes) and is given exphcitly by 

<^g? = exp {-i7TYs,,L (iV(,,o - N^b,c) + iVB,a) } • (B.2) 

Using the hermiticity properties hsted above we find that the hermitean conjugate of the 
spin field (7.2) is given by 

32 



= n ('^g?) ' \ -2^^ E (^34,lA34 + 133,lA33) J^''^ \ X 

^(34)^(33)^(32) _ (g_3) 

A34 A33 — A32 — Ai \ / 



Here the factors appearing on the right hand side of the equality sign in the first line of 
eq. (B.3) can be ignored: Acting on any string state in the theory they give plus one. It is 
sufficient to verify this on some generic ground state |B), created by the spin field operator 
Ss, since non-zero mode creation operators contribute with integer values to Jq^^ ■ One 
has to recall that A33 and A34 are always either both integer or both half-integer, that 
the number operators appearing in C^^'' always take integer values, and finally one has to 
make use of the fact (see ref. [11]) that for a consistent choice of cocycles the following 
conditions hold 

32 

033 [B] = ^ Y^s^lBl + eB33 - 134,33634 = integer 

32 

034[B] = 134,lBl + 134,33633 - eB34 = integer 

L=l 

033[B] ' 034[B] (B.4) 

for any ground state |B) existing in the theory, regardless of the value chosen for the 
parameter e = ±1. 

If we finally reorder the individual spin fields in eq. (B.3) we obtain 



e 

t>34 



L=l / \L=33 



rf'^C-i) 5b , (B.5) 

/AB 

where 

(C-^)ab = (jl 5A,+B,,oj 5a3„B3. e-«-^-« (B.6) 
is the explicit expression for the matrix whose inverse is given by eq. (7.5). 
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Appendix C: Compatibility of the GSO projection and the map 
between >V|a> and >V(a| 



In this appendix we show exphcitly that the map (4.17) from VV|^^ to W|^| is com- 
patible with the GSO projection in the setting of a four-dimensional KLT heterotic string 
model [8,9]. In other words we want to show that given a vertex operator yV^xj creating 
a state |A) satisfying the GSO conditions, the state Xq\^^^^)j which is created by VV|^|, 
also satisfies the GSO conditions. 

We first recall what is the form of the GSO projection conditions. We consider as 
usual all world-sheet fermions to be bosonized. Then the GSO conditions involve only the 
"momenta" Jq^^ of the resulting bosons, and it is sufficient to consider a generic ground 
state as created by the operator (7.1). If this state satisfies the GSO condition, so do all 
the states obtained from it by means of non-zero mode creation operators. 

The GSO projection assumes the form (see ref. [11]) 



W, . Njai - Si(A^£^l - ^Sl) - E ^^j"^^ + W, • [[a]] "°=° ' , (C.l) 



where our notation is that of ref. [11], except for the labelling of the complex fermions 
which is chosen in accordance with ref. [12] and the present paper, i.e. the left-moving 
fermions are labelled by L = 1, . . . , 22, the internal right- moving ones by L = 23, . . . , 31, 
the space-time related ones by L = 32 (the transverse) and L = 33 (the longitudinal) , and 
the superghosts by L = 34. 

Let us briefly recall that the sector (i.e. the set of boundary conditions for the fermions 
enumerated by L = 1, . . . , 32) is specified by the 32-component vector 



where the integer nii takes values 0, 1, ... , Mi — 1, Mi being the smallest integer such that 



3 




(C.2) 



MjWj (j not summed) is a vector of integer numbers. The number operators 
related to the "momenta" Jq^^ = Al by 



-(L) 



are 



K^ll= ^L-[[l-a4 + l for L = l,...,33 



(C.3) 
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As we have seen in section 7, given the state |A) with Jq"^ = Al, created by the spin field 
operator (7.2), the state |A^^^) created by the operator (7.3) has 

tW-a for L = 1,...,32 . . 

-^^-\+Az, for L = 33, 34 " ^^'^^ 

This behaviour follows directly from the hermiticity properties of the various fields, as 
summarized in Appendix B. In eq. (7.3) it is encoded in the presence of the charge conju- 

(33) 

gation matrix C which changes sign on all the A^ except A34 and the factor ai which 
changes sign on A33 only. 

Thus we have to check if the GSO projection conditions (C.l) are invariant under the 
transformation A^ — > A^ given by (C.4). The situation is somewhat complicated by the 
fact that in general the states |A) and |A^^^) do not reside in the same sector. 

Let us denote by a tilde (~) the quantities pertaining to the state |A^^^). We want 
to show then that if the state |A), residing in the sector a, satisfies eq. (C.l), then the 
state |A^^^), residing in the sector a, satisfies 

W, . Nj5j - ..(ivg)^ - ivg)^) - Y: h,fh, -s,- ko. + W, . M -°=° ' . (C.5) 

j 

We can actually do something more general, and for this we take the sum of eqs. (C.l) 
and (C.5). We will show that this sum is zero modulus one, this obviously implies that if 
eq. (C.l) is satisfied then also eq. (C.5) is, and viceversa. In summing the two equations we 
make use of the fact that the Sj are half-integers [8], that eq. (C.4) implies -^[^g^]] = ^[[~^\ 

and -^j^gji = -^[|~'^^| ^^^^ number operators always have integer eigenvalues. Thus 
by summing we obtain 

W, • (Njai + Nj~j) - kij {mj + mj)- 2koi + W, • ([[a]] + [[«]]) ' . (C.6) 

j 

In order to verify this identity we need to find the relation between ex. and a. We claim 
that 

~ _ j ifrrij = (n 7\ 

^ 1 Mj — rrij otherwise ' v • / 

which is consistent with < rrij, fhj < Mj — 1. The proof is simple: Let L G {1,...,32}. 
Since the number operators -^||^^| take integer values, it follows from eq. (C.3) that the 
allowed values for in the sector ex. = rrijWj are 

Al = i -^m,(W,)(L) + (integer) . (C.8) 
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Since = Wj^^^^/Mj where Wj f^i,^ is an integer satisfying < Wj ^^^^ < Mj — 1, we 

have 

. MOD 11 '^3,{L) „s 



Likewise, in the sector ex. we have for L = 1, . . . , 32 

'T . MOD 1 1 \ ^ ~ '^j,(L) ,„ ^ „N 

Ai, = -Ai = \-2^^o^^- (CIO) 

3 ^ 

Comparing eqs. (C.9) and (C.IO) we find the obvious solution rhj = —mj (modMj) which 
is equivalent to (C.7). 

It is worth noticing that if we sum the two equations 

A^ "°=° ' \ - , Al = -Al ' I - Pl]] (C.ll) 

we get 

"°= ^ + . (C.12) 

Thus, [[ckl]] = [[Sl]] only if the fcrmion labelled by L satisfies either Neveu-Schwarz bound- 
ary conditions {^0(l]\ = [[Sl]] = 1/2) or Ramond boundary conditions ([[ckl]] = [[Sl]] = 0). 

Let us now return to the identity (C.6) that we were supposed to prove. Substituting 
eq. (C.7) and recalling that Mjkij ^ [8], we find that the term ^jkij{mj + rhj) 
cancels out. Next we recall that [8] 

2(fcoi + ho) "= ' 2koi ' TWi ■ Wo (C.13) 
where Wq is the vector with all entries equal to 1/2. Substituting all this into eq. (C.6) 



and using eq. (C.3) we find that eq. (C.6) holds if and only if 

W, ■ ([[a]] + [[5]] - [[1 - a]] - [[1 - 5]]) "| ' , (C.14) 

where, rather obviously, [[1 — a\ is a vector whose L'th component is p — oli\. The 
equation (C.14) is indeed satisfied since 

+ Pl]] - P - - [[1 - = . (C.15) 

Indeed, if [[q;l]] = then also [[5l]] = [[1 — cti]] = [[1 — S^]] = and eq. (C.15) is trivially 
satisfied. Otherwise [[1 — 0;^,]] — 1 — [[ctz,]], [[1 — S^]] = 1 — [[S^,]] and by eq. (C.12) 
[[ckl]] + [[Sl]] = 1 and again eq. (C.15) holds. 

Thus eq. (C.6) is satisfied, and we have shown that if the vertex operator W^^^ creates 
a state in the GSO projected spectrum, i.e. a state that satisfies eq. (C.l), then so does 
the vertex operator VV|^| , and viceversa. 
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